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Abstract
We perform the toroidal compactification of the full Bergshoeff-de Roo version
of the Heterotic Superstring effective action to first order in α′. The dimensionally-
reduced action is given in a manifestly-O(n, n)-invariant form which we use to
derive a manifestly-O(n, n)-invariant Wald entropy formula which we then use
to compute the entropy of α′-corrected, 4-dimensional, 4-charge, static, extremal,
supersymmetric black holes.
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Introduction
In a recent paper [1] we have performed the dimensional reduction of the Heterotic
Superstring effective action in a circle to first-order in α′ with two goals in mind:
1. To study T duality in the dimensionally-reduced theory and the effect that the
first-order α′ corrections have in it. In particular, we wanted to recover the first-
order in α′ corrections to the Buscher T duality rules [2,3] found in Ref. [4],1 and
show explicitly that the whole action is invariant under them to that order.
2. To derive a T duality-invariant formula for the Wald entropy using the Iyer-Wald
prescription developed in Refs. [7–9].2
1See also [5,6].
2A discussion of the caveats in the direct use of this prescription in the Heterotic Superstring effective
action can be found in the Introduction of Ref. [1]. On the other hand, it is clear that the entropy formula
derived in that reference by using this prescription gives results which coincide with those obtained by
microstate counting [10] and also satisfy the fundamental thermodynamic relation ∂S∂M =
1
T in black hole
with finite temperature [11].
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This formula, though, can only be applied to black holes which can be obtained
from a solution of the 10-dimensional theory by 1 non-trivial and several trivial dimen-
sional reductions over circles. This severelly limits its applicability to 5-dimensional
black holes and certain 4-dimensional ones.
It is natural to try to extend those results to non-trivial toroidal compactifications,
testing the O(n, n) invariance of the dimensionally-reduced action3 to first order in α′
and obtaining a manifestly O(n, n)-invariant Wald entropy formula that can be applied
to more general black-hole solutions such as, for instance, the heterotic version of the
4-dimensional, 4-charge, static, extremal black holes whose microscopic entropy was
first computed in Refs. [13,14].
Earlier work on the effect of α′ corrections on the T duality invariance of the
Heterotic Superstring effective action more or less complete in different forms and
schemes [15], including Double Field Theory, can be found in Refs. [16–21] some
of which we will comment upon in the main body of this paper. Here we will use
the Bergshoeff-de Roo action Ref. [22] obtained by supersymmetric completion of the
Lorentz Chern-Simons terms in the Kalb-Ramond field strength [23].
This paper is organized as follows: in Section 1 we introduce the 10-dimensional
Heterotic Superstring effective action in the Bergshoeff-de Roo formulation. In Sec-
tion 2, as a warm-up exercise, we review the toroidal dimensional reduction of the
zeroth-order action, rewriting it in a manifestly O(n, n)-invariant form. In Section 3
we add Yang-Mills fields, and rewrite the dimensionally-reduced action in an appar-
ently manifestly O(n, n + nV)-invariant form, reproducing, in the Abelian case (when
that invariance is real), the results of Maharana and Schwarz [12]. In Section 4 we
consider the full O(α′) action, which amounts to the addition of the torsionful spin-
connection terms. The full action can be regarded,formally, as that of the previous
section with more gauge fields and a gauge group which is the direct product of the
Yang-Mills gauge group and the 10-dimensional Lorentz group SO(1, 9) [23] and, in a
first stage (Section 4.1.1), we can simply use the results of the previous section. This
cannot be the final result, though, because, as different from the Yang-Mills group, the
10-dimensional Lorentz group is broken into the (10− n)-dimensional one and O(n).
Thus, in a second stage (Section 4.1.2), we perform this decomposition leaving the
dimensionally-reduced action in a manifestly gauge-, (10− n)-dimensional Lorentz-,
diffeomorphism- and O(n, n)-invariant form. Then, in Section 5 we derive from that
action a Wald entropy formula that we test on 4-dimensional 4-charge black holes. We
present our conclusions in Section 6. Appendix A contains relevant formulae con-
cerning the O(n, n)/(O(n) ×O(n)) coset space that we use in the manifestly-O(n, n)-
invariant action.
3If the nV 10-dimensional gauge fields are Abelian, the theory is expected to have a larger duality
group: O(n, n + nV) [12], but this group is obviously broken when they are non-Abelian, since they
cannot be rotated into the Abelian Kaluza-Klein and winding vector fields. Here we will focus mostly
on the O(n, n) duality group which is expected to always be present.
3
1 The Heterotic Superstring effective action to O(α′)
Let us first introduce the Heterotic Superstring effective action to O(α′), where α′ is
the Regge slope parameter,4 in the formulation of Ref. [22] but using the conventions
of Ref. [24].5
The torsionful spin connection and Kalb-Ramond field strength, which are two
fundamental ingredients of the action, can be constructed recursively order by order
in α′. At zeroth-order, the field strength of the Kalb-Ramond 2-form Bµν is defined as
H(0)µνρ ≡ 3∂[µBνρ] , (1.1)
and it is added as torsion to the (torsionless, metric-compatible) Levi-Civita spin con-
nection 1-form ωµab as
Ω
(0)
(±) µ
a
b = ωµ
a
b ± 12H(0)µab , (1.2)
to construct the zeroth-order torsionful spin connections.
The corresponding zeroth-order Lorentz curvature 2-forms and Chern-Simons 3-
forms are defined as
R
(0)
(±) µν
a
b = 2∂[µ|Ω
(0)
(±) |ν]
a
b − 2Ω(0)(±) [µ|ac Ω
(0)
(±) |ν]
c
b , (1.3)
ω
L (0)
(±) = 3R
(0)
(±) [µν|
a
bΩ
(0)
(±) |ρ]
b
a + 2Ω
(0)
(±) [µ|
a
b Ω
(0)
(±) |ν|
b
c Ω
(0)
(±) |ρ]
c
a . (1.4)
At first order in α′ we also have to take into account the Yang-Mills fields. The gauge
field is denoted by AAµ, where A, B,C, . . . are the adjoint gauge indices of some group
that we will not specify. The corresponding gauge field strength and the Chern-Simons
3-forms are defined by
FAµν = 2∂[µA
A
ν] + fBC
A AB [µA
C
ν] , (1.5)
ωYM = 3FA [µνA
A
ρ] − fABC AA [µABνACρ] , (1.6)
where we have lowered the adjoint group indices using the Killing metric of KAB:
fABC ≡ fABDKDB and of the gauge fields FA µν ≡ KABFBµν.
Then, the first-order Kalb-Ramond field strength is given by
H(1)µνρ = 3∂[µBνρ] +
α′
4
(
ωYMµνρ + ω
L (0)
(−) µνρ
)
, (1.7)
4The Regge slope parameter is related to the string length ℓs by α′ = ℓ2s .
5The relation between the normalizations of the fields in Ref. [22] and here can be found in Ref. [25].
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and now it is the torsion of the first-order torsionful spin connection
Ω
(1)
(±) µ
a
b = ωµ
a
b ± 12H(1)µ ab , (1.8)
whose curvature R(1)
(±) µν
a
b and Chern-Simons form ω
L (1)
(±) are now used to define the
second-order Kalb-Ramond field strength H(2) and so on.
Only Ω(0)
(±) µ, R
(0)
(±) µν
a
b,ω
L (0)
(±)µνρ and H
(1)
µνρ (plus the Yang-Mills fields) occur in the
O(α′) action and, in terms of these objects plus the dilaton field φ and the Ricci scalar
R of the metric gµν, the first-order in α′ Heterotic Superstring effective action in the
string frame takes the form
S =
g2s
16πG(10)N
∫
d10x
√
|g| e−2φ
{
R− 4(∂φ)2 + 112H2 −
α′
8
[
FA · FA + R(−)ab · R(−)ba
]}
,
(1.9)
here gs is the Heterotic Superstring coupling constant, which is given by the vacuum
expectation value of eφ, the dot indicates the contraction of the indices of 2-forms:
FA · FA ≡ FA µνFA µν and the 10-dimensional Newton constant G(10)N is related to the
string length and coupling constants by
G
(10)
N = 8π
6g2s ℓ
8
s . (1.10)
2 Dimensional reduction on Tn at zeroth order in α′
As a warm-up exercise (and also because of the recursive definition of the action), we
review the well-known dimensional reduction of the action at zeroth order in α′ using
the Scherk-Schwarz formalism [26]. We add hats to all the 10-dimensional objects
(fields, indices, coordinates) and split the 10-dimensional world and tangent-space
indices as (µˆ) = (µ,m) and (aˆ) = (a, i), with with µ, ν, . . . and a, b, . . . = 0, 1, · · · , 9− n
and m, n, . . . and i, j, . . . = 1, · · · , n.
The Zehnbein and inverse-Zehnbein components eˆµˆ aˆ and eˆaˆ µˆ can be put in an
upper-triangular form by a local Lorentz transformation and, then, they can be decom-
posed in terms of the 10− n-dimensional Vielbein and inverse Vielbein components
eµ
a, eaµ, Kaluza-Klein (KK) vectors Amµ and internal (Tn) metric Vielbeins and inverse
Vielbein emi, eim
(
eˆµˆ
aˆ
)
=
 eµa Amµemi
0 emi
, (eˆaˆµˆ) =
 eaµ −Ama
0 eim
. (2.1)
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where Ama = eaµAmµ. We will always assume that all the (10− n)-dimensional fields
with Lorentz indices are (10− n)-dimensional world tensors contracted with the (10−
n)-dimensional Vielbeins. For instance, the field strengths of the KK vector fields Fmab
are
Fmab = ea
µeb
νFmµν , Fmµν ≡ 2∂[µAmν] . (2.2)
We denote the internal metric by
Gmn ≡ emienjδij . (2.3)
The relation between the components of the 10-dimensional metric and (10− n)-
dimensional KK fields is
gˆµν = gµν − GmnAmµAnν , (2.4a)
gˆµm = −Gmn Anµ , (2.4b)
gˆmn = −Gmn . (2.4c)
The components of the 10-dimensional spin connection ωˆaˆbˆcˆ decompose into those
of the (10− n)-dimensional one ωabc, the KK vector field strengths eimFmab and the
pullback of the O(n) connection 1-form Aij defined in Eq. (A.10), as follows:
ωˆabc = ωabc , ωˆabi = − 12eimFmab ,
ωˆibc = −ωˆbci , ωˆaij = Aija ,
ωˆibj = − 12 eimejn∂bGmn ,
(2.5)
where we have used
e(i|m∂ae|m|j) = − 12eimejn∂aGmn . (2.6)
Then, using the Palatini identity, it is not difficult to see that the first two terms
in the action Eq. (1.9) take the following (10 − n)-dimensional form (up to a total
derivative):
∫
d10 xˆ
√
|gˆ| e−2φˆ
{
Rˆ− 4(∂φˆ)2
}
=
∫
dnz
∫
d10−nx
√
|g| e−2φ
{
R− 4(∂φ)2 − 14∂aGmn∂aGmn − 14GmnFm · Fn
}
,
(2.7)
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where the (10− n)-dimensional dilaton field is related to the 10-dimensional one by
φ ≡ φˆ− 12 log |G| , |G| ≡ det(Gmn) . (2.8)
At zeroth order in α′, the last term that we have to reduce is the kinetic term
of the Kalb-Ramond 2-form ∼ (Hˆ(0))2. Following Scherk and Schwarz, we consider
the Lorentz components of the 3-form field strength, because they are automatically
combinations of gauge-invariant objects. These are given in terms of the world-indices
components by
Hˆijk = ei
mej
nek
pHˆmnp , (2.9a)
Hˆaij = ei
mej
nea
µ
[
Hˆµmn − ApµHˆpmn
]
, (2.9b)
Hˆabi = ei
mea
µeb
ν
[
Hˆµνm − 2An[νHˆµ]nm + An[µApν]Hˆnpm
]
, (2.9c)
Hˆabc = ea
µeb
νec
ρ
[
Hˆµνρ − 3Am[µHˆνρ]m + 3Am [µAnνHˆρ]mn − Am [µAnνApρ]Hˆmnp
]
, (2.9d)
in general. At zeroth order in α′, Hˆ(0)mnp = 0 and the above expressions are simplified
to
Hˆ(0)ijk = 0 , (2.10a)
Hˆ(0)aij = ei
mej
nea
µHˆ(0)µmn
= ei
mej
n∂aB
(0)
mn , (2.10b)
Hˆ(0)abi = ei
mea
µeb
ν
[
Hˆ(0)µνm − 2An[νHˆ(0)µ]nm
]
= ei
m
[
G(0)m ab − BmnFnab
]
, (2.10c)
Hˆ(0)abc = ea
µeb
νec
ρ
[
Hˆ(0)µνρ − 3Am[µHˆ(0)νρ]m + 3Am [µAnνHˆ(0)ρ]mn
]
= H(0)abc , (2.10d)
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where we have defined the potentials
Bmn ≡ Bˆ(0)mn , (2.11a)
B(0)m µ ≡ Bˆµm + BˆmnAnµ , (2.11b)
B(0)µν ≡ Bˆµν + Am[µBˆν] m , (2.11c)
and the field strengths
G(0)m µν ≡ 2∂[µ|B(0)m |ν] , (2.12a)
H(0)µνρ ≡ 3∂[µB(0)νρ] − 32Am [µ|G(0)m |νρ] − 32B(0)m [µFmνρ] . (2.12b)
Then, the reduction of the Kalb-Ramond kinetic term gives
Hˆ(0) 2 = H(0) 2 − 3Gmn
(
G(0)m − B(0)mpFp
)
·
(
G(0)n − B(0)nqFq
)
+ 3GmnGpq∂aB(0)mp∂aB(0)nq ,
(2.13)
and, after integrating over the length of the compact coordinates zm (2πℓs by conven-
tion) it can be checked that the whole O(1) action can be written in the compact form6
S(0) =
g
(10−n) 2
s
16πG(10−n)N
∫
d10−nx
√
|g| e−2φ
{
R− 4(∂φ)2 − 18Tr
(
∂aM
(0)−1∂aM(0)
)
− 14F (0) TM(0)−1 · F (0) + 112H(0) 2
}
,
(2.16)
6The 10-dimensional string coupling constant gs and Newton constant G
(10)
N and the (10 − n)-
dimensional ones g(10−n)s and G
(d)
N are related by
g2s = Vn/(2πℓs)
ng
(10−n) 2
s , (2.14a)
G
(10)
N = G
(10−n)
N Vn , (2.14b)
where Vn is the volume of the n-dimensional compact space. Then,
g2s
16πG(10)N
∫
dnz =
g2s (2πℓs)
n
16πG(10)N
=
g
(10−n) 2
s
16πG(10−n)N
. (2.15)
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where M(0) is the O(n, n) matrix defined in Eq. (A.4) of Appendix A with Bmn replaced
by B(0)mn and where we have defined the O(n, n) vectors of 1-forms and 2-form field
strengths
A(0) ≡
(
Am
B(0)m
)
, F (0) ≡
(
Fm
G(0)m
)
. (2.17)
It is easy to show that M(0) is, indeed, a O(n, n) matrix
M(0)Ω(0)M(0)Ω(0) = 1 , (2.18)
and rewrite the Kalb-Ramond field strength in the manifestly O(n, n)-invariant form
H(0)µνρ = 3∂[µB
(0)
νρ] − 32A(0) T[µΩ(0)F (0)νρ] . (2.19)
Actually, as it is well-known, the zeroth-order action S(0) given in Eq. (2.16) is
manifestly invariant under O(n, n) transformations which are understood as T-duality
transformations from the 10-dimensional point of view.
3 Dimensional reduction on Tn with Yang-Mills fields
and Heterotic Supergravity
In this section we are only going to take into account the addition of the Yang-Mills
fields which occur at first order in α′, ignoring for the moment the terms that involve
the torsionful spin connection. This truncation, which constitutes an intermediate step
towards our final goal, is interesting by itself because it corresponds to the bosonic
sector of a theory with exact local supersymmetry:7 N = 1, d = 10 supergravity
coupled to non-Abelian vector supermultiplets, also known as Heterotic Supergravity.
The action of this theory is
S(h) =
g2s
16πG(10)N
∫
d10x
√
|g| e−2φ
{
R− 4(∂φ)2 + 112H(h) 2−
α′
8
FA · FA
}
, (3.1)
where
H(h)µνρ = 3∂[µBνρ] +
α′
4
ωYMµνρ , (3.2)
and FA and ωYM are defined in Eqs. (1.5) and (1.6), respectively.
Notice that the O(α′ 2) terms of this action have to be kept in order to have exact
local supersymmetry.
7That is, the action is exactly invariant, not just up to terms of higher order in α′.
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The toroidal dimensional reduction of this theory in the case in which the gauge
group is Abelian was carried out along the same lines we are going to follow here
in Ref. [27, 12]. In the second of these references the O(n, n + nV) global symmetry
of the resulting action was related to the T-duality transformations of the Heterotic
Superstring. In the non-Abelian case, the gauge fields coming form the 10-dimensional
gauge fields cannot be rotated into Kaluza-Klein and winding vector fields coming
from the 10-dimensional metric and Kalb-Ramond fields. As a result, O(n, n + nV) is
broken to O(n, n), or O(n, n + nA) where nA is the number of Abelian gauge fields.
The reduction of the Einstein-Hilbert term and of the scalar kinetic term are not
modified by the inclusion of α′ corrections. The definitions of (10− n)-dimensional
metric gµν, dilaton φ, KK vectors Amµ and scalars Gmn in terms of the 10-dimensional
fields are not modified by them either and they are still given by Eqs. (2.4) and (2.8).
Because of the additional Yang-Mills Chern-Simons term in the Kalb-Ramond field
strength, we do expect modifications in the definitions of the definitions of the (10−
n)-fields that originate in the Kalb-Ramond 2-form, namely the (10− n)-dimensional
Kalb-Ramond 2-form B(h)µν , the winding vectors B(h)m µ, with respect to their zeroth-
order counterparts defined in Eqs. (2.11).8
3.1 Reduction of the Yang-Mills fields
It is convenient to start by studying the dimensional reduction of the Yang-Mills fields.
The Lorentz-indices decomposition of the gauge field is
AˆAi = ei
m AˆAm ≡ ϕAi , (3.3a)
AˆAa = eˆa
µAˆAµ = ea
µ
(
AˆAµ − AˆAmAmµ
)
≡ eaµAAµ , (3.3b)
which leads to the definition of the (10− n)-dimensional adjoint scalars ϕAi and gauge
vectors
ϕAi ≡ eim AˆAm , (3.4a)
AAµ ≡ AˆAµ − AˆAmAmµ . (3.4b)
The components of 10-dimensional gauge field strength can be decomposed in
terms of these fields as follows:
8We use the superscript (h) to indicate that these are the fields that arise in the reduction of Heterotic
Supergravity and that possible contributions from the torsionful spin connection have not been taken
into account.
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FˆAij = f
A
BCϕ
B
iϕ
C
j , (3.5a)
FˆAai = Daϕ
A
i +
1
2ϕ
A
je
j
me
i
n∂aG
mn , (3.5b)
FˆAab = F
A
ab + ϕ
A
ie
i
mF
m
ab , (3.5c)
where FAµν is the standard Yang-Mills gauge field strength for the (10−n)-dimensional
gauge fields AAµ and D is the Yang-Mills and O(n)-covariant derivative
Daϕ
A
i = ∂aϕ
A
i + f
A
BC A
B
aϕ
C
i + A
ij
aϕ
A
j , (3.6)
where the SO(n) composite connection is given in Eq. (A.10).
FˆA · FˆA = FA · FA + 2ϕAieimFm · FA + ϕAiϕA jeimejnFm · Fn
− 12ϕAiϕA jeimejnGpq∂aGmp∂aGnq − 2DaϕAiDaϕA i
− 2DaϕAiϕA jeimejn∂aGmn + fABC f ADEϕBiϕDiϕCjϕE j .
(3.7)
Our next goal is the reduction of the Kalb-Ramond 3-form field strength. It is
convenient to start with the reduction of the Yang-Mills Chern-Simons term
ωˆYMijk = 2 fABCϕ
A
iϕ
B
jϕ
C
k , (3.8a)
ωˆYMaij = 2Daϕ
A
[iϕA |j] , (3.8b)
ωˆYMabi =
(
2FAab + ϕ
A
je
j
mF
m
ab
)
ϕA i − 2e[aµeb]νeim∂µ
(
AˆAν AˆA m
)
, (3.8c)
ωˆYMabc = ω
YM
abc +
3
2ϕA ie
i
m A
A
[aF
m
bc] . (3.8d)
3.2 Reduction of the Kalb-Ramond field
Combining the results in the reduction of Hˆ(0) with the reduction of the Yang-Mills
fields, we find
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Hˆ(h)ijk =
α′
2
fABCϕ
A
iϕ
B
jϕ
C
k , (3.9a)
Hˆ(h)aij = ei
mej
n∂aBmn +
α′
2
Daϕ
A
[i|ϕA |j] , (3.9b)
Hˆ(h)abi = ei
me[a
µeb]
ν
{
2∂µ
[
Bˆνm + BmnA
n
ν − α
′
4
AAν AˆA m
]
−
[
Bmn − α
′
4
AˆAm AˆA n
]
Fnµν +
α′
2
AˆA mF
A
µν
}
(3.9c)
Hˆ(h)abc = e[a
µeb
νec]
ρ
{
3∂µ
[
Bˆνρ + A
m
νBˆρm +
α′
4
AˆA m A
m
νA
A
ρ
]
− 3Amµ∂ν
[
Bˆρm + Bmn A
n
ρ − α
′
4
AAρAˆA m
]
−3
[
Bˆµm + BmnA
n
µ − α
′
4
AAµ AˆA m
]
∂νA
m
ρ +
α′
4
ωYMµνρ
}
. (3.9d)
This result suggests the following definitions of (10− n)-dimensional fields:
B(h)mn ≡ Bˆmn − α
′
4
AˆAm AˆA n , (3.10a)
B(h)m µ ≡ Bˆµm + Bmn Anµ − α
′
4
AAµAˆA m
= Bˆµm +
(
Bˆmn − α
′
4
AˆAm AˆA n
)
gˆnp gˆpµ − α
′
4
AˆA m Aˆ
A
µ , (3.10b)
B(h)µν ≡ Bˆµν + Am [µBˆν]m +
α′
4
AˆA mA
m
[µA
A
ν]
= Bˆµν + gˆ
mn gˆm[µBˆν]n +
α′
4
AˆA m gˆ
mn gˆn[µAˆ
A
ν] , (3.10c)
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and (10− n)-dimensional field strengths
G(h)m µν ≡ 2∂[µ|B(h)m |ν] , (3.11a)
H(h)µνρ ≡ 3∂[µB(h)νρ] − 32 Am[µ|G(h)m |νρ] − 32B(h)m [µFmνρ] +
α′
4
ωYMµνρ , (3.11b)
This allows us to rewrite the components of the Kalb-Ramond field strength in the
form
Hˆ(h)ijk =
α′
2
fABCϕ
A
iϕ
B
jϕ
C
k , (3.12a)
Hˆ(h)aij = ei
mej
n∂aB
(h)
mn +
α′
2
Daϕ
A
iϕA j , (3.12b)
Hˆ(h)abi = ei
m
(
G(h)m ab − B(h)mnFnab
)
+
α′
2
FAabϕA i , (3.12c)
Hˆ(h)abc = H
(h)
abc , (3.12d)
so that the reduction of the kinetic term is
Hˆ(h) 2 = H(h) 2 − 3Gmn
(
G(h)m − B(h)mpFp
)
·
(
G(h)n − B(h)nqFq
)
− 3α
′ 2
4
ϕAiϕ
B
iFA · FB − 3α′eimϕAi
(
G(h)m − B(h)mnFn
)
· FA
+ 3GmnGpq∂aB(h)mp∂aB(h)nq +
3α′ 2
4
ϕAjϕ
B
jD
aϕA iDaϕB i
+ 3α′DaϕA iϕAjeimejn∂aB(h)mn − α
′ 2
4
fABC fA′B′C′ϕ
A
iϕ
A′
iϕ
B
jϕ
B′
jϕ
C
kϕ
C′
k .
(3.13)
Collecting all the terms (that is: Eqs. (2.7), (3.7) and (3.13)), we get
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S(h) =
g
(10−n) 2
s
16πG(10−n)N
∫
d10−nx
√
|g| e−2φ
{
R− 4(∂φ)2
− 14∂aGmn∂aGmn +
α′
16
ϕAiϕA je
i
me
j
nGpq∂
aGmp∂aG
nq + 14G
mnGpq∂aB(h)mp∂aB
(h)
nq
+
α′
4
D
aϕAiDaϕA i +
α′ 2
16
ϕAjϕ
B
jD
aϕA iDaϕB i
+
α′
4
D
aϕA iϕ
A
jei
mej
n∂aB
(h)
mn +
α′
4
D
aϕAiϕA je
i
me
j
n∂aG
mn
− 14
(
Gmn − B(h)mpGpqB(h)qn + α
′
2
ϕAiϕA je
i
me
j
n
)
Fm · Fn
− 14GmnG(h)m · G(h)n + 12GmpB(h)pnG(h)m · Fn
− α
′
8
(
KAB +
α′
2
ϕA iϕB i
)
FA · FB − α
′
4
ϕA ie
i
mG
mnG(h)n · FA
−α
′
4
ϕA ie
i
m
(
δmn − GmpB(h)pn
)
Fn · FA + 112H(h) · H(h) −V(ϕ)
}
,
(3.14)
where KAB is the Killing metric of the gauge group and we have defined the scalar
potential
V(ϕ) ≡ α
′
8
fABC f
A
DEϕ
B
iϕ
D
iϕ
C
jϕ
E
j +
α′ 2
48
fABC fA′B′C′ϕ
A
iϕ
A′
iϕ
B
jϕ
B′
jϕ
C
kϕ
C′
k . (3.15)
Defining the scalar matrices
G ≡ (Gmn) , B(h) ≡ (B(h)mn) , ϕ ≡ (ϕAieim) , K ≡ α
′
2
(KAB) , (3.16)
and the O(n, n + nV) vector of 2-form field strengths
F (h)µν ≡
 FmµνG(h)m µν
FAµν
 , (3.17)
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we can rewrite their kinetic terms in the form
− 14F (h) TM(h) · F (h) , (3.18)
where M(h) is the symmetric matrix
M(h)−1 ≡

G + B(h) TG−1B(h) + ϕTKϕ −B(h) TG−1
(
1n×n − B(h) TG−1
)
ϕTK
−G−1B(h) G−1 G−1ϕTK
Kϕ
(
1n×n − G−1B(h)
)
KϕG−1 K + KϕG−1ϕTK
 .
(3.19)
This is an O(n, n + nV) matrix (for nV gauge fields) because it satisfies
M(h)Ω(h)M(h)Ω(h) = 1 , with Ω(h) ≡
 0 1n×n 01n×n 0 0
0 0 −K
 , (3.20)
in a basis in which the Killing metric is not simply the identity.
The kinetic terms of the scalar fields can be written in the form
− 18DaM(h)DaM
(h)−1 , (3.21)
where the covariant derivative only acts on the gauge group.9 The total action takes a
form very similar to the zeroth-order one Eq. (2.16):
S(h) =
g
(10−n) 2
s
16πG(10−n)N
∫
d10−nx
√
|g| e−2φ
{
R− 4(∂φ)2 − 18Tr
(
D
aM(h)DaM
(h)−1
)
− 14F (h) TM(h)−1 · F (h) + 112H(h) 2−V(h)(ϕ)
}
.
(3.22)
At first sight, this action is formally O(n, n + nV)-invariant except for the scalar poten-
tial. However, we cannot transform Abelian into non-Abelian fields and vice-versa and
the O(n, n + nV) invariance is broken in the Chern-Simons term of H(h), in the kinetic
term of the vector fields and also in the kinetic terms of the scalars and therefore, gener-
ically, the invariance is broken to just O(n, n). If the gauge group is Abelian, the scalar
potential disappears, the covariant derivatives of the scalars can be rewritten entirely in
terms of partial derivatives and H(h) takes the manifestly O(n, n + nV)-invariant form
H(h)µνρ = 3∂[µB
(h)
νρ] − 32A(h) T[µΩ(h)F (h)νρ] . (3.23)
9There are no free SO(n) indices in M(h).
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4 Complete dimensional reduction on Tn to O(α′)
4.1 Torsionful spin connection
The reduction of the terms involving the torsionful spin connection Ωˆ(0)
(−) µˆ
aˆbˆ can be
carried out in two steps: first we just treat it as just another Yang-Mills field but with
the particular gauge group SO(1, 9). Then, we decompose the gauge group indices
into SO(1, 9− n)×SO(n) indices. As a matter of fact, we can just take the results of
the previous section and assume that the gauge group has been extended to include
SO(1, 9).
Let us carry out the first step.
4.1.1 First step
As in the general Yang-Mills case, the reduction of the torsionful spin connection gives
two fields
ϕaˆbˆi ≡ eimΩˆ(0)(−)maˆbˆ , (4.1a)
Aaˆbˆµ ≡ Ωˆ(0)(−) µ aˆbˆ − Ωˆ
(0)
(−)m
aˆbˆ Amµ , (4.1b)
and the different components of its curvature give
Rˆ
(0) aˆbˆ
(−) ij = −2ϕaˆ cˆ [iϕcˆbˆ j] , (4.2a)
Rˆ
(0) aˆbˆ
(−) ci = D˜cϕ
aˆbˆ
i +
1
2ϕ
aˆbˆ
je
j
me
i
n∂cG
mn , (4.2b)
Rˆ
(0) aˆbˆ
(−) cd = F
aˆbˆ
cd + ϕ
aˆbˆ
ie
i
mF
m
cd . (4.2c)
It is worth stressing that Faˆbˆ cd is the (10− n)-dimensional curvature of the (10− n)-
dimensional SO(1, 9) gauge field Aaˆbˆµ
Faˆbˆµν ≡ 2∂[µAaˆbˆν] − 2Aaˆ cˆ [µAcˆbˆν] , (4.3)
and D˜c is a SO(1, 9)×SO(n) covariant derivative with the same connection plus the
composite SO(n) connection in Eq. (A.10):
D˜cϕ
aˆbˆ
i = ∂cϕ
aˆbˆ
i − 2A[aˆ|dˆcϕdˆ|bˆ]i + Aijcϕaˆbˆ j . (4.4)
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At this stage we can use the results of the previous section (the Heterotic Super-
gravity case) to write the (10− n)-dimensional action that one gets after completing
the first step, because it has exactly the same form the same form as that of the Het-
erotic Supergravity case Eq. (3.22) if we define a new gauge index X that includes the
10-dimensional adjoint gauge group index A and the adjoint 10-dimensional Lorentz
index [aˆbˆ]: X = A, [aˆbˆ]. We can write, directly and formally
S(1) =
g
(10−n) 2
s
16πG(10−n)N
∫
d10−nx
√
|g| e−2φ
{
R− 4(∂φ)2 − 18Tr
(
D˜
aM˜(1)D˜aM˜
(1)−1
)
− 14F˜ (1) TM˜(1)−1 · F˜ (1) + 112 H˜(1) 2 −V(1)(ϕ)
}
,
(4.5)
where the covariant derivative D˜ only acts on X indices,10 F˜ (1) is the vector of (10− n)-
dimensional 2-form field strengths
F˜ (1) ≡
 FmG(1)m
FX
 , with (FX) ≡ ( FA
Faˆbˆ
)
, (4.6)
where Fm has been defined in Eq. (2.2), FA is the field strength of (10− n)-dimensional
Yang-Mills field, Faˆbˆ is the field strengths of the (10− n)-dimensional SO(1, 9) gauge
field defined in Eq. (4.3) and
G(1)m µν ≡ 2∂[µ|B(1)m |ν] . (4.7)
M(1)−1 is the matrix
M˜(1)−1 ≡

G + B(1) TG−1B(1) + ϕTKϕ −B(1) TG−1
(
1n×n − B(1) TG−1
)
ϕTK
−G−1B(1) G−1 G−1ϕTK
Kϕ
(
1n×n − G−1B(1)
)
KϕG−1 K + KϕG−1ϕTK
 ,
(4.8)
where
10With the connection AA on YM indices and with the connection Aaˆbˆ on SO(1, 9) indices.
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G ≡ (Gmn) , B(1) ≡ (B(1)mn) , ϕ ≡
(
ϕXie
i
m
)
=
(
ϕAie
i
m, ϕaˆbˆie
i
m
)
,
K ≡ α
′
2
(KXY) =
α′
2
(
KAB 0
0 −ηˆ aˆbˆ cˆdˆ
)
.
(4.9)
Finally, the (10− n)-dimensional Kalb-Ramond field strength H˜(1) and the “scalar po-
tential”11 V(1) are given by12
H˜(1)µνρ ≡ 3∂[µB(1)νρ] − 32Am [µ|G(1)m |νρ] − 32B(1)m [µFmνρ]
+
α′
4
(
ωYMµνρ + ω˜
L(0)
(−) µνρ
)
, (4.10)
V(1)(ϕ) ≡ α
′
8
(
2ϕaˆ bˆ iϕ
bˆ
cˆ jϕ
cˆ
dˆ iϕ
dˆ
aˆ j − 2ϕaˆ bˆ iϕbˆ cˆ ivarphicˆ dˆ jϕdˆ aˆ j
+ fABC f
A
DEϕ
B
iϕ
D
iϕ
C
jϕ
E
j
)
. (4.11)
In the above expressions we have used the (10−n)-dimensional fields B(1)mn, B(1)m µ
and B(1)µν. They are defined in terms of the 10-dimensional ones by
B(1)mn ≡ Bˆmn − α
′
4
(
AˆAm AˆA n + Ωˆ
(0)
(−)m
aˆ
bˆΩˆ
(0)
(−) n
bˆ
aˆ
)
, (4.12a)
B(1)m µ ≡ Bˆµm +
[
Bˆmn − α
′
4
(
AˆAm AˆA n + Ωˆ
(0)
(−) m
aˆ
bˆΩˆ
(0)
(−) n
bˆ
aˆ
)]
gˆnp gˆpµ
− α
′
4
(
AˆA m Aˆ
A
µ + Ωˆ
(0)
(−)m
aˆ
bˆΩˆ
(0)
(−) µ
bˆ
aˆ
)
, (4.12b)
B(1)µν ≡ Bˆµν + gˆmn gˆm[µBˆν]n −
α′
4
(
AˆA m Aˆ
A
[µ| + Ωˆ
(0)
(−) m
aˆ
bˆΩˆ
(0)
(−) [µ|
bˆ
aˆ
)
gˆmn gˆ|ν]n . (4.12c)
The action Eq. (4.5) contains implicitly O(α′ 2) terms such as H(1) 2, as the original
action Eq. (1.9), but it is convenient to keep them in order to have more compact and
11The variables ϕAi become true (10− n)-dimensional scalars with O(n) and adjoint gauge indices,
but the variables ϕaˆ bˆ i become both (10− n)-dimensional tensors and scalars, see Eqs. (4.13).
12We have neglected the O(α′ 2) terms in V(1).
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gauge-invariant expressions. Eliminating all the O(α′ 2) terms we would get an action
which is gauge invariant only to O(α′), but this gauge invariance and possible duality
invariance (which we are going to discuss next) would not be manifest.
Although the action Eq. (4.5) is apparently manifestly O(n, n)-invariant, this is not
so clear because the statement assumes that all the terms not directly affected by the
linear O(n, n) transformations remain invariant. However, some of those terms, such
as Faˆ bˆ · Faˆ bˆ, for instance, depend on the internal Vielbein eim and/or the KK vectors
Amµ which are not invariant. We have to move to the second phase and expand the
terms that depend on the fields with SO(1, 9) indices in terms of (10− n)-dimensional
fields.
4.1.2 Second step
The fields with SO(1, 9) indices ϕaˆbˆi and Aaˆbˆµ are further reduced as follows:
ϕaˆbˆi −→

ϕabi = − 12K(0) i ab(+) ,
ϕai j = −P(0) a(−) ij ,
ϕijk = 0 ,
(4.13)
and
Aaˆbˆµ −→

Aabµ = Ω
(0)
(−) µ
ab ,
Aaiµ = − 12K(0) i(−) µa ,
Aijµ = A
(0) ij
(−) µ ,
(4.14)
where the 2-form K(0) i
(−) µν, the O(n) connection 1-form A
(0) ij
(−) and the Vielbein P
(0)
(−)ij we
have been defined in Eq. (A.20) with Bmn replaced by B(0)mn.
Taking into account these expressions, the components of the (10− n)-dimensional
SO(1, 9) field strength Faˆbˆ cd that occurs in the reduction of the curvature of the torsion-
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ful spin connection Eq. (4.2) are decomposed as follows:
Fabµν = R
(0)
(−) µν
ab − 12K(0) i(−) [µaK
(0) i
(−) ν]
b , (4.15a)
Faiµν = −D(−) [µK(0) i(−) ν]a , (4.15b)
Fijµν = F
(0) ij
(−) µν +
1
2K
(0) i
(−) [µ
aK
(0) j
(−) ν] a , (4.15c)
where D(−) is the SO(1, 9− n)×O(n) covariant derivative with the “(0)(−)” connec-
tions, that is
D(−) [µK
(0) i
(−) ν]
a = ∂[µK
(0) i
(−) ν]
a + A
(0) ij
(−) [µK
(0) j
(−) ν]
a −Ω(0)
(−) [µ|
a
bK
(0) i
(−) ν]
b . (4.16)
Now we use all these decompositions into ω˜L(0)
(−) abc, the (10−n)-dimensional Lorentz
Chern-Simons 3-form of the SO(1, 9) connection, obtaining
ω˜
L(0)
(−) µνρ = ω
L(0)
(−) µνρ −ω
O(n)
(−) µνρ + 3D(−) [µK
(0) i
(−) ν
aK
(0) i
(−) ρ] a , (4.17a)
ω
O(n)
(−) µνρ ≡ 3F
(0) ij
(−) [µν|A
(0) ij
(−) |ρ] + 2A
(0) ij
(−) [µ|A
(0) jk
(−) |ν|A
(0) ki
(−) |ρ] . (4.17b)
According to the discussion in Appendix A the 3-form D(−) [µK(−) iνaK(−) iρ] a is
O(n, n)-invariant. Since it is also gauge and Lorentz-invariant it is natural to eliminate
it from the definition of the (10− n)-dimensional Kalb-Ramond field strength H(1):
H˜(1)µνρ = H
(1)
µνρ +
3α′
4
D(−) [µK
(0) i
(−) ν
aK
(0) i
(−) ρ] a , (4.18a)
H(1)µνρ ≡ 3∂[µB(1)νρ] − 32Am [µ|G(1)m |νρ] − 32B(1)m [µFmνρ]
+
α′
4
(
ωYMµνρ + ω
L(0)
(−) µνρ − ω
O(n)
(−) µνρ
)
. (4.18b)
Observe that the Chern-Simons 3-form of the composite O(n)(−) connection A
(0) ij
(−) is
not O(n, n)-invariant, because it is not invariant under the compensating local O(n)(−)
transformation (it is invariant up to a total derivative, as any Chern-Simons 3-form). It
can be compensated with a standard Nicolai-Townsend transformation of the (10− n)-
dimensional 2-form B(1), though. Thus, as different from the n = 1 case, this field is
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now not T-duality invariant to first order in α′. Observe that these transformations do
not affect B(0), which is the field that occurs in Ω(0)
(−) µ
a
b and A
(0) ij
(−) .
Next, let us consider the decomposition of the "scalar potential" V(1)(ϕ). Using
Eqs. (4.13), we get
V(1)(ϕ) =
α′
8
{
1
8K
(0) i
(+) ab
K
(0) i
(+) cd
K
(0) j ac
(+)
K
(0) j bd
(+)
+ 12K
(0) i
(+) ab
K
(0) j
(+) cd
K
(0) i ac
(+)
K
(0) j bd
(+)
+F
(0) ij
(−) · F
(0) ij
(−) + fABC f
A
DEϕ
B
iϕ
D
iϕ
C
jϕ
E
j
}
,
(4.19)
where we have used the identity Eq. (A.15). All terms are manifestly O(n, n)-invariant.
Next, we have to decompose the kinetic term for the vector field strengths into its
O(n, n) invariant form and the rest:
F˜ (1) TM˜(1)−1 · F˜ (1) = F (1) TM(1)−1 · F (1) + α
′
2
[
FA · FA + R(0)(−)ab · R
(0)
(−)
b
a
+ R
(0)
(−) abcd
(
K
(0) i ac
(−) K
(0) i bd
(−) + K
(0) i ab
(+)
K
(0) i cd
(+)
)
+ 14K
(0) i
(−) abK
(0) i
(−) cdK
(0) j ac
(−) K
(0) j bd
(−) − 18
(
K
(0) i
(−) · K
(0) j
(−)
) (
K
(0) i
(−) · K
(0) j
(−)
)
− 18K(0) i(−) abK
(0) j
(−) cdK
(0) i ac
(−) K
(0) j bd
(−) − 12K
(0) i
(+) ab
K
(0) i
(+) cd
K
(0) j ac
(−) K
(0) j bd
(−)
+ 2D(−) [µK
(0) i
(−) ν]
a
D
(0) [µ|
(−) K
(0) i |ν]
(−) a − F
(0) ij
(−) · F
(0) ij
(−) − F
(0) ij µν
(−) K
(0) i
(−) µ
aK
(0) j
(−) ν a
+2ϕA iF
A · K(0) i
(+)
+ 4P(0) a
(−) jiD
(0)
(−)µK
(0) j
(−) νaK
(0) i µν
(+)
]
,
(4.20)
where the covariant derivative D(0)
(−) contains the O(n)(−) connection A
(0) ij
(−) and the
torsionful Lorentz connection Ω(0)
(−) µ
ab, and where, now, the matrix M(1)−1 is given by
the upper-left corner 2× 2 part of M˜(1)−1 in Eq. (4.8), namely
M(1)−1 ≡
 G + B(1) TG−1B(1) + ϕTKϕ −B(1) TG−1
−G−1B(1) G−1
 , (4.21)
and
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F (1) ≡
(
Fm
G(1)m
)
. (4.22)
Finally, let us consider the scalar’s kinetic term. Expanding this term, reducing and
keeping only terms of first order in α′ we arrive at
Tr
(
D˜
aM˜(1)D˜aM˜
(1)−1
)
= Tr
(
∂aM(1)∂aM
(1)−1
)
− α′D(0) c
(−)
(
U(+)iϕA i
)T
Ω
(1)
D
(0)
(−) c
(
U(+) jϕAj
)
− α
′
4
D
(0) c
(−)
(
U(+)iK(0)(+) i ab
)T
Ω
(1)
D
(0)
(−) c
(
U(+) jK(0)(+) jba
)
− 2α′D(0) c
(−)
(
U(+)iP(0) a(+) ij
)T
Ω
(1)
D
(0)
(−) c
(
U(+)kP(0)(+) a kj
)
.
(4.23)
Finally, combining all the partial results we get the final, manifestly-O(n, n)-invariant
form of the (10− n)-dimensional action
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S(1) =
g
(10−n) 2
s
16πG(10−n)N
∫
d10−nx
√
|g| e−2φ
{
R− 4(∂φ)2 − 18Tr
(
∂aM(1)∂aM
(1)−1
)
− 14F (1) TM(1)−1 · F (1) + 112 H˜(1) 2 −
α′
8
[
FA · FA + R(0)(−)ab · R
(0)
(−)
b
a
+ R
(0)
(−) abcd
(
K
(0) i ac
(−) K
(0) i bd
(−) + K
(0) i ab
(+)
K
(0) i cd
(+)
)
+ 14K
(0) i
(−) abK
(0) i
(−) cdK
(0) j ac
(−) K
(0) j bd
(−) − 18
(
K
(0) i
(−) · K
(0) j
(−)
) (
K
(0) i
(−) · K
(0) j
(−)
)
− 18K(0) i(−) abK
(0) j
(−) cdK
(0) i ac
(−) K
(0) j bd
(−) − 12K
(0) i
(+) ab
K
(0) i
(+) cd
K
(0) j ac
(−) K
(0) j bd
(−)
+ 18K
(0) i
(+) ab
K
(0) i
(+) cd
K
(0) j ac
(+)
K
(0) j bd
(+)
+ 18K
(0) i
(+) ab
K
(0) j
(+) cd
K
(0) i ac
(+)
K
(0) j bd
(+)
+ 2D(0)
(−) [µK
(0) i
(−) ν]
a
D
(0) [µ|
(−) K
(0) i |ν]
(−) a − F
(0) ij µν
(−) K
(0) i
(−) µ
aK
(0) j
(−) ν a
+ 2ϕA iF
A · K(0) i
(+)
+ 4P(0) a
(−) jiD
(0)
(−) µK
(0) j
(−) νaK
(0) i µν
(+)
−D(0) c
(−)
(
U(+)iϕA i
)T
Ω
(1)
D
(0)
(−) c
(
U(+) jϕAj
)
− 2D(0) c
(−)
(
U(+)iP(0) a(+) ij
)T
Ω
(1)
D
(0)
(−) c
(
U(+)kP(0)(+) a kj
)
− 14D(0) c(−)
(
U(+)iK(0)(+) i ab
)T
Ω
(1)
D
(0)
(−) c
(
U(+) jK(0)(+) jba
)]
+ fABC f
A
DEϕ
B
iϕ
D
iϕ
C
jϕ
E
j
]}
.
(4.24)
This dimensionally-reduced action has two main immediate uses: the derivation of
equations of motion and the derivation of an entropy formula. The equations of motion
are very complicated and involve, in principle, derivatives higher than 2. According
to the lemma proven in Ref. [22], the terms of higher-order in derivatives (possibly
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in combination with some terms of lower order) are, actually, proportional to α′ and
combinations of the zeroth-order equations of motion and can, in be disregarded in
practice. However, in order to find all the terms which can be ignored one has to use
the lower-dimensional version of the lemma, which requires the identification of all
the fields which originate, purely, on the 10-dimensional torsionful spin connection.
Therefore, it is far easier to deal with the 10-dimensional equations of motion and
perform the dimensional reduction of the solution using the rules derived in this paper.
The entropy formula, though, can be readily obtained and used in (10− n) dimen-
sions, as we are going to show in the next section.
5 Entropy formula
If we change the index 10 by D, the action Eq. (1.9) is identical to the action one would
obtain by trivial dimensional reduction of the 10-dimensional theory on a m ≡ (10−
D)-dimensional torus. Then, with the same change, Eq. (4.24) is the action obtained
by a fully non-trivial dimensional reduction on Tn, from D to d = D− n = 10− n−m
dimensions. The solutions of the equations of motion of this d-dimensional theory are
solutions which, uplifted to d+ n = D dimensions with the rules derived in this paper,
are, then, solutions of the equations of motion of the original action Eq. (1.9) with 10
replaced by D and which can be trivially uplifted again to 10 dimensions.
An important example of solutions of this type are the heterotic version of the 4-
dimensional, 4-charge extremal black holes whose microscopic entropy was originally
computed in Refs. [13, 14] (see also Ref. [28])13 and whose first-order α′ corrections
were recently computed in Refs. [34,35].14
If these 4-dimensional solutions are uplifted to 6 dimensions (n = 2), they are
solutions of our original action Eq. (1.9) with D = 6 (m = 4). Thus, they are solutions
of the equations of motion of the action Eq. (4.24) with 10 replaced by 6 and n = 2 and
we can use that action to compute their Wald entropy using the Iyer-Wald prescription
[8,9].
The direct application of this prescription to Eq. (4.24) with 10 replaced by a gen-
eral dimension D yields the following string-frame entropy formula for d = (D − n)-
13These 4-dimensional solutions can be embedded either in the Heterotic or in type II theories. They
were first found in Ref. [29] and further discussed in Ref. [30,31]. They were rediscovered in Ref. [32] in
the context of the so-called STU model [33] in a form that made it easier to identify harmonic functions
and charges to 10-dimensional string theory extended objects.
14In these references the first-order in α′ corrections to the complete geometry were computed. Earlier
work in which only the corrections to the near-horizon geometry were computed and then, used to
compute the corrections to the entropy can be found in Refs. [36–41]. Some of the drawbacks of these
methods, such as the problem of identification of asymptotic charges and the possible incompleteness
of the higher-order terms considered have been discussed in Ref. [35,43].
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dimensional black holes:
S = −2π
∫
Σ
dd−2x
√
|h| ∂L
∂Rabcd
ǫabǫcd , (5.1a)
∂L
∂Rabcd
=
e−2(φ−φ∞)
16πG(d)N
{
gab, cd − α
′
8
[
H(0) abg
(
ωg
cd − H(0)g cd
)
−2R(0) abcd
(−) + K
(−) i [a|cK(−) i |b]d + K(+) j abK(+) j cd
]}
, (5.1b)
where |h| is the absolute value of the determinant of the metric induced over the event
horizon, gab,cd = 12(g
acgbd − gadgbc), ǫab is the event horizon’s binormal normalized so
that ǫabǫab = −2 and Rabcd is the Riemann tensor.
This manifestly O(n, n)-invariant entropy formula reduces, for n = 1 to the formula
found in Ref. [1] and which has been used to compute the Wald entropy of the α′-
corrected Reissner-Nordström black hole of Ref. [11] and of the α′-corrected heterotic
version of the Strominger-Vafa black hole of Ref. [42].
5.1 The Wald entropy of the α′-corrected 4d 4-charge black holes
The α′-corrected 4d 4-charge black-hole solutions correspond to the following 10-dimensional
solutions of the action Eq. (1.9):
ds2 =
2
Z− du
[
dv− 12Z+du
]
−Z0dσ2 − dyidyi , i, j = 1, 2, 3, 4 , (5.2a)
H = dZ−1− ∧ du ∧ dv + ⋆(4)dZ0 , (5.2b)
e−2φ = e−2φ∞Z−Z0 , (5.2c)
where dσ2 is the Gibbons-Hawking metric
dσ2 = H−1(dη + χ)2 +Hdxxdxx , x, y, z = 1, 2, 3 , dH = ⋆(3)dχ , (5.3)
where ⋆(3) denotes the Hodge dual in E
3. This last equation implies thatH is harmonic
in E3. An appropriate choice of harmonic functionH for single, spherically-symmetric,
asymptotically flat black holes is
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H = 1+ q˜
r
, (5.4)
and, then, the Gibbons-Hawking metric is that of a Kaluza-Klein monopole, which, in
spherical coordinates, takes the local form
dσ2 = H−1(dη + q˜ cos θdφ)2 +H
(
dr2 + r2dΩ2(2)
)
, (5.5)
where
dΩ2(2) = dθ
2 + sin2 θdφ2 , (5.6)
and where η parametrizes a circle of radius R. The Kaluza-Klein charge q˜ has to be
quantized according to
q˜ =
WR
2
, W = 1, 2, . . . (5.7)
in order to avoid Dirac-Misner strings.
For this choice of H and to describe single, spherically-symmetric, asymptotically-
flat black holes, the functions Z+,Z−,Z0,H must take the explicit form
Z+ = 1+ q˜+
r
− α
′
2
q˜+q˜−
r(r + q)(r + q˜0)(r + q˜−)
+O(α′2) , (5.8a)
Z− = 1+ q˜−
r
+O(α′2) , (5.8b)
Z0 = 1+ q˜0
r
+
α′
4r(r + q˜)
{
q˜20
(r + q˜0)2
+
q˜2
(r + q˜)2
}
+O(α′2) . (5.8c)
As we discussed at the beginning of this section, we can compactify trivially this
solution in the T4 parametrized by the coordinates y1, · · · , y4. Relabeling u = k∞z,
η = ℓ∞w, with ℓ∞ ≡ R/ℓs15 and v = t, the 6-dimensional solution can be conveniently
15We normalize the periods of the compact coordinates that parametrize the internal circles, z and
w, to 2πℓs. The information about the size of these circles is carried by the internal metric and the
corresponding 4-dimensional moduli, which are dimensionless. Thus Gzz ∞ = k2∞ = (Rz/ℓs)
2 and
Gww ∞ = ℓ2∞ = (R/ℓs)
2.
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written in the following form:
dsˆ2 =
1
Z+Z− dt
2 −Z0H
(
dr2 + r2dΩ2(2)
)
− k2∞
Z+
Z−
(
dz− 1
k∞Z+ dt
)2
− ℓ2∞
Z0
H (dw + q˜/ℓ∞ cos θdφ)
2 , (5.9a)
Hˆ = d
(
− k∞Z− dt
)
∧ dz + ℓ∞r2Z ′0 d cos θ ∧ dφ ∧ dw , (5.9b)
e−2(φˆ−φˆ∞) =
Z−
Z0 , (5.9c)
where a prime indicates a derivative with respect to the radial coordinate r. In this
form we can immediately identify the KK scalars and vector fields
G =
 k2∞Z+/Z− 0
0 ℓ2∞Z0/H
 , (Amµdxµ) =
 −dt/(k∞Z+)
q˜/ℓ∞ cos θdφ
 , (5.10)
and the 4-dimensional string-frame metric
ds2 =
1
Z+Z− dt
2 −Z0H
(
dr2 + r2dΩ2(2)
)
. (5.11)
The 4-dimensional dilaton field is
e−2(φ−φ∞) =
√
Z+Z−
Z0H , (5.12)
where
e−2φ∞ = e−2φˆ∞ k∞ℓ∞ , (5.13)
and the (modified) Einstein-frame metric is given by
ds2E = e
2(φ−φ∞)ds2 = e−2Udt2 − e2Ud~x 2 ,
e2U = (Z+Z−Z0H)1/2 .
(5.14)
Let us now consider the Kalb-Ramond field strength and its decomposition. First,
we choose the following Vielbein basis
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eˆ 0 =
1√Z+Z− dt , eˆ
1 =
√Z0Hdr ,
eˆ 2 =
√Z0Hrdθ , eˆ3 =
√Z0Hr sin θdφ ,
eˆ4 = k∞
√Z+/Z−
(
dz− 1
k∞Z+ dt
)
, eˆ5 = ℓ∞
√Z0/H (dw + q˜/ℓ∞ cos θdφ) ,
(5.15)
in terms of which, the non-vanishing components of Hˆ are
Hˆ104 =
1√Z0H
(logZ−)′ , Hˆ235 = 1√Z0H
(logZ0)′ . (5.16)
This implies that the 4-dimensional Kalb-Ramond field strength vanishes identi-
cally and there are two non-vanishing 4-dimensional winding vector field strengths
plus, perhaps, scalars. Computing the 4-dimensional Kalb-Ramond 2-form B(1)µν, the
winding vectors B(1)m µ and the scalars B(1)mn is very complicated because of the α′
corrections in their definitions. Fortunately for us, only their zeroth-order values con-
tribute to the entropy formula. At this order
Hˆ(0) = d
(
− k∞Z− dt
)
∧ dz + (−ℓ∞q˜0 cos θdφ) ∧ dw , (5.17)
from which we read the only non-vanishing fields descending from the Kalb-Ramond
field:
(
B(0)m µdx
µ
)
=
 −k∞/Z−dt
−ℓ∞q˜0 cos θdφ
 . (5.18)
This allows us to compute the nonvanishing components of the 2-forms K(0) i
(±) :
K
(0) 4 01
(±) =
1√Z0H
{
(logZ+)′ ± (logZ−)′
}
,
K
(0) 5 23
(±) =
1
r2(Z0H)3/2 (q˜Z0 ∓ q˜0H) .
(5.19)
Taking into account the vanishing of the 4-dimensional Kalb-Ramond field strength,
the entropy formula takes the simple form
28
S = − 1
8G(4)N
∫
Σ
d2x
√
|h|e−2(φ−φ∞)ǫabǫcd
{
gab, cd
−α
′
8
[
−2R(0) abcd + K(−) i acK(−) i bd + K(+) j abK(+) j cd
]}
=
1
4G(4)N
∫
Σ
d2x
√
|h|e−2(φ−φ∞)
{
1+
α′
4
[
−2R(0) 0101 +
(
K(−) 4 01
)2
+
(
K(+) 4 01
)2]}
=
1
4G(4)N
{
AH + 2πα′ lim
r→0
e2Ur2
[
−
√
Z+Z−
Z0H
[
1√Z0H
(
1√Z+Z−
)′]′
+
1
Z0H
[(Z ′+
Z+
)2
+
(Z ′−
Z−
)2]]}
=
AH
4G(4)N
{
1+
α′
2q˜0q˜
}
(5.20)
where we have assumed that all the charges q˜i are different from zero16 and where
AH = 4π
√
q˜+q˜−q˜0q˜ , (5.21)
is the area of the horizon, which does not receive any corrections to first order in α′.
The charges q˜i are related to the numbers of solitonic 5-branes N, units of momen-
tum n, winding number w and KK charge W by [35]17
q˜0 =
α′
2R
N , q˜+ =
α′2g2s
2RR2z
n , q˜− =
α′g2s
2R
w , q =
WR
2
, (5.22)
and, using the value of the 10-dimensional Newton constant in Eq. (1.10) and its rela-
tion with the 4-dimensional one Eq. (2.14b) with V6 = (2π)6α′2RRz) we get
S = 2π
√
NnWw
{
1+
2
NW
}
. (5.23)
16We have assumed the positivity of all those charges because, as a general rule, if these parameters
have negative values, there are naked singularities. However, the α′ corrections can sometimes eliminate
these singularities, as shown in Ref. [44].
17Here we are using the notation of Ref. [43].
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Finally, using the relation between the numbers of objects and the asymptotic
charges found in Ref. [43]
Q+ = n
(
1+
2
NW
)
, (5.24a)
Q− = w , (5.24b)
Q0 = N
(
1− 2
NW
)
, (5.24c)
Q = W , (5.24d)
we find that
S = 2π
√
Q+Q−(Q0Q+ 4) . (5.25)
This is the entropy obtained by microstate counting in Ref. [45].
6 Conclusions
In this paper we have shown that the complete Heterotic Superstring effective action
compactified on Tn is O(n, n) invariant to first-order in α′.18 The (10− n)-dimensional
action is not really suitable for the derivation of the (10− n)-dimensional equations of
motion because it is not easy to apply the Bergshoeff-de Roo lemma [22] to it. Never-
theless, one can always work in 10 dimensions, where it is easy to apply it, reducing
afterwards the solutions to (10− n) using the formulae obtained in this paper.19 Fur-
thermore, the action can be used to obtain a Wald entropy formula which we have used
to compute the entropy of the most basic stringy 4-dimensional, 4-charge black holes.
In order to apply it to more general black holes, with more vector and scalar fields or
with angular momentum one first needs to find their α′ corrections, which can be a
non-trivial task.
Our results leave, however, some important questions unanswered:
• If the vector fields are Abelian, does one recover O(n, n + nV) invariance in the
presence of all the α′ corrections (that is: adding the torsionful spin connection
terms)? At first sight the answer should be yes: the situation is not qualitatively
different from having a number of gauge fields nA of which are Abelian and
18a similar result using the effective action of Ref. [15] and without Yang-Mills fields has been recently
published in [21].
19one can replace 10 by D in this discussion, as explained at the beginning of Section 5.
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nN of which are non-Abelian, where one should have O(n, n + nA) invariance.
Nevertheless, it would be convenient to rewrite this case in a manifestly O(n, n +
nV)-invariant form.
• In the 4-dimensional case, is S duality preserved (as expected) [46]? How is it
realized?
Work in these directions is already in progress [47].
• Why is the Iyer-Wald prescription so successful in this setting? After all, the en-
tropy formula we have obtained is manifestly not invariant under local Lorentz
transformations. A more rigorous derivation, performed in Ref. [48] shows the
presence of an additional term not captured by the Iyer-Wald prescription that
may restore the (expected) local Lorentz invariance of the Wald entropy formula.
This term may not contribute in many relevant cases. However, the lack of in-
formation about the explicit form of this term does not allow us to give a final
answer and we feel that determining explicitly this term is completely necessary
to guarantee the validity of the macroscopic calculations of extremal black-hole
entropies which are later compared with the microscopic ones.
Work in this direction is also well under way [49].
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A O(n, n)/(O(n)×O(n)) coset space
Since this coset space occurs repeatedly in the main body of this paper, we describe
it here in some detail. First, we define the n× n matrices E ≡ (eim), G ≡ (Gmn) and
B ≡ (Bmn). Evidently E−1 = (emi) and ETE = G. With them we construct the 2n× 2n
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Vielbein U and its inverse U−1
U = − 1√
2
(
E−1 E−1
ET + BE−1 −ET + BE−1
)
= − 1√
2
(
emi −emi
−emi + Bmneni −emi − Bmneni
)
,
(A.1a)
U−1 = 1√
2
( −E + E−1 TB −E−1 T
−E− E−1 TB E−1 T
)
= 1√
2
( −eim − einBnm eim
eim − einBnm eim
)
(A.1b)
where we have used the metric −δij to raise and lower SO(n) indices i, j, consistently
with our mostly minus convention for the 10-dimensional spacetime metric.
In terms of the non-diagonal O(n, n) metric Ω = Ω−1 =
(
0 1n×n
1n×n 0
)
we can
define O(n, n) transformations Λ as those satisfying
Λ
T
ΩΛ = Ω . (A.2)
Under a O(n, n) transformation Λ acting from the left, the Vielbein U transforms as
ΛU = U ′R , R =
(
R(+) 0
0 R(−)
)
∈ O(n)(+) ×O(n)(−) . (A.3)
Thus, using U , we can construct a symmetric matrix M
M ≡ UUT =
 G−1 −G−1B
−BTG−1 G + BTG−1B
 , (A.4)
which transforms under O(n, n) as
M′ = ΛMΛT . (A.5)
The inverse of M is given by
M−1 = U−1 TU−1 =
 G + BTG−1B −BTG−1
−G−1BT G−1
 , (A.6)
and it is not difficult to check that
M−1 = ΩMΩ , (A.7)
which implies that M is a O(n, n) matrix itself.
The left-invariant Maurer-Cartan 1-form is
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− U−1dU =
 A(+)i j P(+)ij
P(−) ij A(−) i j
 , (A.8)
where the the O(n)(+) connection A(+)
i
j, the O(n)(−) connection A(−) i j and the Viel-
bein P(+) ij = P(−) ji (n2 degrees of freedom) are given by20
A(±)ij ≡ Aij ∓ 12 eimejndBmn , (A.9a)
P(±)ij ≡ 12eimejnd(Gmn ∓ Bmn) , (A.9b)
where, in its turn
Aij ≡ −e[i|mdem|j] . (A.10)
Observe that the Vielbein transforms under both O(n) groups:
P′(±) = R±P(±)R∓ . (A.11)
The Maurer-Cartan equations, obtained by taking the exterior derivative of the left-
invariant Maurer-Cartan 1-forms lead to the following identities:
F(+)
ij = P(+)
ik ∧ P(−) k j , (A.12a)
F(−) ij = P(−) ik ∧ P(+)k j , (A.12b)
D(±∓)P(±)ij = 0 , (A.12c)
where
F(±)ij = dA(±)ij + A(±)ik ∧ A(±)kj , (A.13)
are the curvatures of the two O(n) connections and where the covariant derivative
D(∓±) uses the (∓) connection on the first O(n) index and the (±) connection on the
second of P(±)ij, that is:
D(±∓)P(±)ij = dP(±)ij + A(±)ik ∧ P(±)kj + ∧P(±)ik ∧ A(∓)kj . (A.14)
From the Maurer-Cartan Eqs. (A.12a) and (A.12b) we find
20We have made use of Eq. (2.6).
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F(±)ij · F(±)ij = 2P(0) a(±) kiP
(0)
(±)a liP
(0) b
(±) kiP
(0)
(±)b li − 2P
(0) a
(±) kiP
(0)
(±)a l jP
(0) b
(±) liP
(0)
(±)b kj , (A.15)
and the relation P(±) ij = P(∓) ji implies that
F(+)
ij · F(+)ij = F(−)ij · F(−)ij . (A.16)
The scalar kinetic term is given by
P(+) µ
ijP(−)µ ji = 14G
mnGpq∂µ(Gmp + Bmp)∂
µ(Gnq − Bnq)
= − 14∂µGmn∂µGmn − 14GmnGpq∂µBmp∂µBnq ,
(A.17)
or by the equivalent expression
− 12Tr
(
∂µM∂
µM−1
)
. (A.18)
Using the O(n, n) vector
F ≡
(
Fm
Gm
)
, (A.19)
one can construct the following combinations that occur naturally in some of the ex-
pressions in the main paper:
U−1F = 1√
2

eim
(
Fm + GmnG(0)n − GmnBnpFp
)
eim
(
Fm − GmnG(0)n + GmnBnpFp
)
 ≡ − 1√2
 K(+)i
K(−)i
 . (A.20)
Observe that K(±)i only transform under O(n)± rotations, respectively. We can
construct O(n, n) invariants by building O(n)± invariants. For instance:
K(±) iK(±) i = FTM−1F ± 2FTΩF , (A.21)
which is clearly consistent with
(U−1F )TU−1F = FTM−1F . (A.22)
Other examples of O(n, n) invariants built in the same way that arise in the main text
are
D(−)µKi(−) νrhoK
i
(−) λσ , and P
a
(−) jiD(−) µK
j
(−) νρK
i
(+) λσ . (A.23)
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On the other hand, if we have a O(n)± vector ξi, we can construct a O(n, n) vector
using the Vielbein
U±i ξi = 1√2
 −emiξi
±emiξi − Bmneniξi
 , (A.24)
and, then, the O(n, n) invariants
(
U±i ξi
)T
Ω U±j ξ j = ±ξiξi , (A.25a)
D
(
U±i ξi
)T
Ω DU±j ξ j = −D
(
emiξ
i
)
D
(
±emjξ j − Bmnen jξ j
)
, (A.25b)
the first of which is trivial. The second occurs in the main text with ξi = ϕAi trans-
forming under O(n)(+). With this assignment,
ϕAiK
i
(+) , (A.26)
is also O(n, n)-invariant.
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